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Abstract. It has been claimed that cosmic censorship conjecture can be violated
by quantum tunnelling of neutrinos, though it is strongly supported by classical
arguments. We consider the classical interaction of an extremal Kerr black hole with a
test massless Dirac field, i.e. a “neutrino field”. Evaluating the flux integrals imposed
by the energy momentum tensor for fermionic fields and the Killing vectors of the space-
time, we prove that this interaction can indeed destroy the event horizon of the black
hole and convert it to a naked singularity. The classical process leads to a more generic
violation of cosmic censorship conjecture compared to quantum tunnelling processes
which occur with a low probability. The range of frequencies of the test neutrino field
that can be used to destroy the black hole turns out to be the superradiant range for
bosonic fields. We comment on back reaction and quantum effects. We argue that the
destruction of black holes by neutrino fields cannot be fixed by self-force effects unlike
similar attempts involving test bodies and bosonic fields.
PACS numbers: 04.20.Dw, 04.20.Gz, 04.70.Bw
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1. Introduction
A space-time possesses a singularity if it fails to satisfy causal geodesic completeness
which requires that every time-like and null geodesic can be extended to arbitrarily
large affine parameter value both into the future and into the past. In essence, causal
geodesic completeness means that photons or freely moving particles can not appear
from or disappear off the edge of the universe.
According to the singularity theorems of Hawking and Penrose [1], a space-time M
can not satisfy causal geodesic completeness if –in addition to some generic conditions–
Einstein’s equations are satisfied and M contains a trapped surface. Trapped surfaces
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arise when the gravitational collapse of a localized body (e.g. a star) to within its
Schwarzschild radius takes place, provided that the deviation of the model from spherical
symmetry is negligible. Thus, a singularity ensues as a result of gravitational collapse
in classical general relativity.
If a space-time contains a well defined external infinity I+ the black hole region of
the space-time is defined by (see e.g. [2])
B =M − J−(I+) (1)
with an event horizon that constitutes the boundary of B in M .
H = ∂B = J˙−(I+) ∩M (2)
where J− denotes the causal past of a set and J˙ denotes its boundary. In an
asymptotically predictable space-time M , a trapped surface T is entirely contained
within the black hole region B; i.e. T ⊂ B. Therefore if the singularity has formed in
the way prescribed by Hawking and Penrose it is hidden behind an event horizon, so
it is invisible to the rest of the space-time. In the opposite case where the space-time
contains a singularity that lies to the past of I+, so time-like curves may be drawn
into the past that terminate on the singularity, the singularity is said to be naked.
Whether a singularity is naked or clothed is crucial to preserve causal structure. In the
presence of naked singularities, initial conditions on a Cauchy surface become undefined
since the surface necessarily intersects the singularity, thus asymptotic predictability
is disabled. Causal behaviour is characterized by prohibiting the existence of closed
time-like or causal curves. It turns out that for asymptotically flat space-times, closed
time-like curves which violate causality can evolve in the regions which contain naked
singularities [3]. It becomes impossible to predict the behaviour of space-time in the
causal future of a singularity.
It is an open question whether physically realistic collapse situations may arise
without trapped surfaces, resulting in singularities that are not necessarily hidden
behind an event horizon. For example the singularity theorem does not apply in the
presence of a positive cosmological constant so it is unknown how the collapse will
develop in that case. This led Penrose to propose the Cosmic Censorship Conjecture
(CCC) in 1969 [4], to avoid the physical and philosophical pathologies that could arise in
a space-time containing a naked singularity. CCC asserts that gravitational collapse of
a body always ends up in a black hole rather than a naked singularity, so all singularities
are hidden within the event horizons of black holes; i.e. they are invisible to distant
observers (see [5] for a review). Distant observers neither encounter any singularities
nor any effects propagating out of singularities. Conjecturing singularities to be hidden
behind event horizons without any access to distant observers allows us to preserve
causal structure despite the fact that the formation of singularities is inevitable in
classical general relativity.
As a concrete proof of CCC has been elusive, it has become customary to attack the
closely related –though not identical– problem of the stability of event horizons in the
interactions of the black hole with test particles or fields. In these problems the initial
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state is a stationary Kerr-Newman space-time uniquely defined by three parameters
(Mass M , charge Q, and angular momentum per unit mass a), satisfying
M2 ≥ Q2 + a2. (3)
which defines a black hole surrounded by an event horizon as opposed to a naked
singularity. To test the stability of the event horizon one lets the black hole absorb
some particles or fields coming from infinity. At the end of the interaction the space-
time is expected to settle to another stationary configuration with new values of M , Q,
and a. Then one may check if it is possible to increase charge or angular momentum of
the black hole beyond the extremal limit saturating (3) so that the final configuration
of the parameters violates (3) and defines a naked singularity.
The first thought experiment to test the stability of black hole horizons was
constructed by Wald [6]. He showed that particles having enough charge or angular
momentum to exceed extremality are not captured by the black hole. This work
motivated many authors to construct similar thought experiments, including some recent
attempts involving neutrinos. Richartz and Saa argued that, though classical results
provide a strong support for the validity of CCC, it is possible to over-spin a nearly
extremal Kerr black hole [7], and over-charge a nearly extremal Reissner-Nordsto¨m black
hole [8] by means of quantum tunneling of neutrinos. In the present work we consider
the classical scattering of neutrino fields from an extremal Kerr black hole saturating
(3). We show that the classical process leads to an even more generic violation of CCC
compared to quantum tunnelling processes which occur with a low probability.
We follow the recipes developed in [9] and [10], which evaluate the bosonic cases of
spin-0 (scalar field) and spin-1 (electromagnetic field) respectively. Neutrino field refers
to a test massless Dirac field in Kerr background. This Kerr background, uniquely
parametrized by M and a, is the initial stationary state of the problem. The impact of
the test field on the background geometry is negligible. The field coming in from infinity,
is partially transmitted through the horizon and partially reflected back to infinity. To
calculate the changes in the black hole parameters, we construct expressions for the
fluxes of energy and angular momentum carried by the neutrino field and evaluate them
at the horizon of the black hole. We treat the free neutrino test field using Newman-
Penrose (NP) [11] formalism. We use the separation of Dirac equations for the relevant
NP variables in Kerr space-time by Chandrasekhar [12], and asymptotic solutions at the
horizon and at infinity for the massless case by Teukolsky [13]. In this context we check
if neutrino fields can be used to over-spin an extremal Kerr black hole, in the context
of classical general relativity.
2. Neutrino fields in Kerr geometry
This section consists of a brief review of spinor formalism and previous results involving
neutrino fields in Kerr space-time especially by Chandrasekhar and Teukolsky. We start
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with Dirac equation which couples two fermion fields via
∇AA′PA + iµfQ¯A′ = 0
∇AA′QA + iµf P¯A′ = 0 (4)
where ∇AA′ is the spinor covariant derivative defined axiomatically as a map ∇x =
∇XX′ : θ... 7→ θ...;XX′ [14] and
√
2µf is the mass of the fermion field.
Every spin basis induces a tetrad of null vectors.
la = oAo¯A
′
na = ιAι¯A
′
ma = oAι¯A
′
m¯a = ιAo¯A
′
(5)
l and n are real while m and m¯ are complex (conjugates). Null tetrad satisfies
orthogonality relations
lan
a = nal
a = −mam¯a = −m¯ama = 1
lam
a = lam¯
a = nam
a = nam¯
a = 0 (6)
In 1962, Newman and Penrose [11] have developed the idea of adapting tetrads of null
vectors to spinors. The directional derivatives along the null directions are denoted by
conventional symbols
D = la∇a, ∆ = na∇a, δ = ma∇a, δ¯ = m¯a∇a (7)
∇a can be expressed as a linear combination of these operators.
∇a = g ba ∇b
= (nal
b + lan
b − m¯amb −mam¯b)∇b
= naD + la∆− m¯aδ −maδ¯ (8)
Dirac’s equations (4) can explicitly be written in the form:
(D + ǫ− ρ)P 0 + (δ¯ + π − α)P 1 = iµf Q¯1˙ (9)
(∆ + µ− γ)P 1 + (δ − τ + β)P 0 = −iµf Q¯0˙ (10)
(D + ǫ¯− ρ¯)Q¯0˙ + (δ + π¯ − α¯)Q¯1˙ = −iµfP 1 (11)
(∆ + µ¯− γ¯)Q¯1˙ + (δ¯ + β¯ − τ¯)Q¯0˙ = iµfP 0 (12)
where P 0,Q0 and P 1,Q1 are components of PA,QA along the spinor dyad basis oA and ιA
respectively. Chandrasekhar [12] showed that equations (4) can be solved by a separation
of variables.
P 0 = (r − ia cos θ)−1[−1/2R(r)][−1/2S(θ)]e−iωteimφ
P 1 = [1/2R(r)][1/2S(θ)]e
−iωteimφ
Q0˙ = − (r + ia cos θ)−1[−1/2R(r)][1/2S(θ)]e−iωteimφ
Q1˙ = [1/2R(r)][−1/2S(θ)]e
−iωteimφ (13)
This separation leads to a pair of equations for both [±1/2R(r)] and [±1/2S(θ)] which can
be expressed as a single equation with s = ±1/2 as a parameter. As we let µf = 0 for
neutrino fields the radial equation takes the form
∆−s
∂
∂r
(
∆s+1
∂(sR)
∂r
)
+
(
K2 − 2is(r −M)K
∆
+ 4isωr− λ
)
(sR) = 0(14)
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where K ≡ (r2 + a2)ω − am and λ ≡ A + a2ω2 − 2amω. The angular equation is
given by
1
sin θ
∂
∂θ
(
sin θ
∂S
∂θ
)
+
(
a2ω2 cos2 θ − m
2
sin2 θ
− 2aωs cos θ − 2ms cos θ
sin2 θ
− s2 cot2 θ + s+ A
)
S = 0
(15)
These are exactly Teukolsky’s equations for massless fields. The asymptotic
solutions at infinity for the radial functions are [13]
Yin
e−iωr∗
r
, Yout
eiωr∗
r2
}
s = 1/2
Zin
e−iωr∗
r
, Zoute
iωr∗
}
s = −1/2 (16)
where we have adopted the notation of Teukolsky and Press [15, 16]; Yin, Yout, Zin,
Zout are the normalizations of the ingoing and outgoing waves at infinity for the cases
s = 1/2 and s = −1/2 respectively, and r∗ is the tortoise coordinate defined by
dr∗/dr = (r2 + a2)/∆, so that r∗ → −∞ as the horizon is approached.
Only the ingoing solutions are physical at the horizon [16]. Therefore the asymptotic
solutions of the radial equation (14) near the horizon are given by
Yhole(∆
−1/2)e−ikr∗
}
s = 1/2
Zhole(∆
1/2)e−ikr∗
}
s = −1/2 (17)
where k = ω −mΩ, Ω = a/2Mr+ is the rotational frequency of the black hole.
The angular equation (15) constitutes a Sturm-Liouville eigenvalue problem for the
separation constant A = sA
m
l(aω), together with boundary conditions of regularity at
θ = 0 and π. From Sturm-Liouville theory the eigenfunctions sS
m
l are complete and
orthogonal on 0 ≤ θ ≤ π for each s and aω. One can also define sZml = sSmleimφ with
orthonormalization:∫ 2pi
0
dφ
∫ pi
0
dθ(sZlm(θ, φ, aω))(sZ
∗
l′m′(θ, φ, aω)) sin θ = δll′δmm′ (18)
The functions sZlm(θ, φaω) reduce to spin weighted spherical harmonics sYlm(θ, φ) when
aω = 0.
3. The stability of the event horizon
In this section we evaluate the changes in the mass and angular momentum of the black
hole due to its interaction with the test neutrino field. For that purpose we are going to
use the current conservation equations imposed by the Killing vectors of the space-time
and the local conservation of energy and momentum in general relativity. IfK is a Killing
Stability of event horizons against neutrino flux 6
vector, by definition it satisfies LKg = 0, where L is the Lie derivative. This can be
re-arranged to give the Killing equation ∇(aKb) = 0. The current conservation equation
∇a(T acKc) = 0 is derived by combining the expression of the space-time symmetry in
terms of Lie derivatives or equivalently the Killing equation with the local conservation
of energy-momentum ∇cT ac = 0, where Tac is the energy momentum tensor. This allows
us to express the rates of change in the corresponding black hole parameters as fluxes
into the black hole. Kerr spacetime is stationary and axi-symmetric with corresponding
Killing vectors ∂/∂t and ∂/∂φ. Therefore the net radial flux of energy and the net radial
flux of angular momentum across any sphere centered at the black hole are given by
surface integrals of −T rt and T rφ respectively.(
dM
dt
)
b.h
= −
∫
S
√−g T 10dθdφ (19)
Since dM = dE for the black hole, and(
dL
dt
)
b.h
=
∫
S
√−g T 13dθdφ (20)
where the label b.h. stands for black hole..
To test the stability of the horizon of a Kerr black hole, we define an indicator
C =M2 − a2 (21)
Then, using a = L/M
δC =
∫
dC
dt
dt =
∫
2
M
{
(M2 + a2)
dM
dt
− adL
dt
}
dt (22)
implying
dC
dt
=
∫
S
√−g[(M2 + a2)(−T 10)− aT 13]dθ dφ (23)
For an extremal black hole saturating the main criterion (3) δC should always remain
positive to preserve the event horizon. If the initial state is an extremal black hole and
δC has a negative value, the final state describes a naked singularity.
Kerr space-time can be represented by an NP tetrad of the form:
lµ = [(r2 + a2)/∆, 1, 0, a/∆],
nµ = [(r2 + a2),−∆, 0, a]/(2Σ)
mµ = [ia sin θ, 0, 1, i/ sin θ]/[
√
2(r + ia cos θ)] (24)
where Σ = r2+a2 cos2 θ and ∆ = r2−2Mr+a2, which should not be confused with the
NP derivative operator ∆. Note that ∆→ r2− 2Mr+ a2 +Q2 gives the Kerr-Newman
space-time, and a → 0 gives the Schwarzschild space-time. Using tetrad (24) one can
derive
Tabl
alb
∆2
4Σ
− ΣTabnanb = −(r2 + a2)T 10 − T 13 (25)
We are going to evaluate the fluxes (19) and (20) at the horizons (r = r+) of extremal
Kerr black holes (r+ = M). In that case we recognize that the right-hand-side of (25)
is the integrand of (23).
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For fermionic fields, the energy momentum tensor in terms of the corresponding
NP scalars is given by (see [17], [18])
TAA′BB′ = − 1
2
i{PA∇BB′ P¯A′ − P¯A′∇BB′PA + PB∇AA′P¯B′ − P¯B′∇AA′PB
− QA∇BB′Q¯A′ + Q¯A′∇BB′PQA −QB∇AA′Q¯B′ + Q¯B′∇AA′QB}
(26)
implying
Tabl
alb = TAA′BB′o
Ao¯A
′
oB o¯B
′
= − i{P 1DP¯ 1˙ − P¯ 1˙DP 1 + Q¯1˙DQ1 −Q1DQ¯1˙}
(27)
and
Tabn
anb = TAA′BB′ι
A ι¯A
′
ιB ι¯B
′
= − i{P 0∆P¯ 0˙ − P¯ 0˙∆P 0 + Q¯0˙∆Q0 −Q0∆Q¯0˙}
(28)
where D and ∆ are NP derivative operators. Now we may plug in the solutions near
the horizon for P 0 and P 1 following (13) and (17) to evaluate the left-hand-side of (25).
We first write the general solution in terms of separated modes:
P 1 =
∫
dωe−iωt
∑
l,m
eimφ(S+)Yhole(∆
−1/2)e−ikr∗
Q¯1˙ =
∫
dωe−iωt
∑
l,m
eimφ(S−)Yhole(∆
−1/2)e−ikr∗
P 0 =
∫
dωe−iωt
∑
l,m
eimφ(S−)(−ρ)Zhole(∆1/2)e−ikr∗
Q¯0˙ =
∫
dωe−iωt
∑
l,m
eimφ(S+)(ρ
∗)Zhole(∆
1/2)e−ikr∗
(29)
where ρ = −(r − ia cos θ)−1, and the dependence of Yhole, Zhole on l, m, ω are implied.
Then
P 1DP¯ 1˙ = ∆−2
∫
dωdω′
∑
|Y |2e−i(k−k′)r∗(S+S ′+)ei(m−m
′)φe−i(ω−ω
′)t
× [i(r2 + a2)(w′ + k′)− (r −M)− im′a] (30)
P¯ 1˙DP 1 = ∆−2
∫
dωdω′
∑
|Y |2e−i(k−k′)r∗(S+S ′+)ei(m−m
′)φe−i(ω−ω
′)t
× [−i(r2 + a2)(w + k)− (r −M) + ima] (31)
Stability of event horizons against neutrino flux 8
Q1DQ¯1˙ = ∆−2
∫
dωdω′
∑
|Y |2e−i(k−k′)r∗(S−S ′−)ei(m−m
′)φe−i(ω−ω
′)t
× [−i(r2 + a2)(w + k)− (r −M) + ima] (32)
Q¯1˙DQ1 = ∆−2
∫
dωdω′
∑
|Y |2e−i(k−k′)r∗(S−S ′−)ei(m−m
′)φe−i(ω−ω
′)t
× [i(r2 + a2)(w′ + k′)− (r −M)− im′a] (33)
where the summation is over l, m, l′, m′, |Y |2 = YholeY ∗hole and S± = [±1/2Slm(θ, aω)].
Note that all of the four terms (30-33) that construct Tabl
alb in (27) have a common
factor of ∆−2 which will cancel with the ∆2 term in the first term of the left-hand-side
of (25). We proceed to evaluate the terms in (28)
P 0DP¯ 0˙ = (∆/2Σ)
∫
dωdω′
∑
|ρ|2|Z|2e−i(k−k′)r∗(S−S ′−)ei(m−m
′)φe−i(ω−ω
′)t
× [i(r2 + a2)(w′ − k′)−∆ρ∗ − (r −M)− im′a] (34)
P 0DP¯ 0˙ and the remaining three terms in Tabn
anb terms turn out to be at least first
order in ∆ so the second term on the left-hand-side of (25) will not contribute to the
flux at a surface at the horizon where ∆→ 0.
Now we can evaluate (23) and (22) for a surface at the horizon (r = r+,∆→ 0⇒
M2 + a2 = 2Mr+) of an extremal Kerr black hole (r+ = M). Note that
√−g = Σsin θ
at the horizon. We first take the time integral in (22) which gives a delta function
in ω and ω′ allowing us to evaluate the integral over ω′. Now the angular functions
are all functions of ω so we can use the orthonormality relation (18) and evaluate
θ and φ integrals. This gives the kronecker delta δll′δmm′ so we evaluate the sums
over l′ and m′. Having ω = ω′ (from the integration of the delta function in ω and
ω′ over dω′) and m = m′ (as a result of θ and φ integrals using the orthonormality
relation) leads to k = k′. The expressions in the square brackets in (30-33) reduce to
±i2Mr+(k + ω − am/(2Mr+)) = ±i2Mr+(2k). Finally δ(C) takes the form
δC =
∫
dω
∑
lm
|Y |28r+k (35)
The expression (35) becomes negative in the region 0 < ω < am/(2Mr+) where k is
negative. Hence a wave packet with dominant frequency in this region will lead to
violation of cosmic censorship.
The violation of CCC in this gedanken experiment is essentially different from
similar attempts to overspin a Kerr black hole [19, 20] involving test bodies and massless
bosonic test fields, respectively. These experiments consider nearly extremal Kerr black
holes parametrized by a dimensionless quantity ǫ≪ 1 such that J/M2 = a/M = 1−2ǫ2.
In both cases δJ has a lower limit so that J + δJ > (M + δE)2 and CCC is violated.
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In the case of test bodies an upper limit is brought to δJ by requiring that the test
body crosses the horizon; whereas in the case of bosonic test fields there exists a lower
limit for the frequency ω to avoid superradiance, which constitutes an upper limit for
δJ . In both experiments the allowed range of δJ and δE to violate CCC is of order
ǫ2 and δC ∼ −ǫ2. (This range and δC vanishes as ǫ → 0 so extremal black holes
cannot be overspun.) Later dissipative (radiative) and conservative (gravitational) self-
force effects were considered for [19] (the case of test bodies) and it was shown that
conservative self-force is comparable to the terms giving rise to naked singularities [21].
In principle, gravitational and radiative self-force effects can also be calculated for the
case of massless fields to compensate for negative δC. However, for neutrino fields ω can
be lowered to zero so that δJ and the magnitude of δC grows without bound. Self-force
effects may at most compensate for negative δC in a small region of frequencies near
the superradiant limit, of width ∼ ǫ2. Therefore self-force effects cannot prevent the
horizon from being destroyed in the classical treatment of neutrino fields.
Another back reaction of interest is the possibility of formation of another horizon
outside the original black hole as it is destroyed. In [22] a charged shell (mass m, charge
q) is adiabatically lowered to a Reissner-Nordstro¨m black hole (M , Q). By Birkhoff
theorem the space-times inside and outside the shell are described by R-N metric with
parameters [M,Q] and [(M + E(r)), (Q+ q)], respectively. (E(r) is the total energy of
the shell consisting of its rest mass red shifted by the gravitational field, its electrostatic
interaction with the black hole, and electrostatic and gravitational self-energy.) The
equation for the horizon radius outside the shell is 1−2(M +E(r))/r+(Q+ q)2/r2 = 0,
and it has a real solution outside the original black hole, thus a new horizon is formed.
This is not directly applicable to the case of massless fields and Kerr black holes. Let us
localize the fields as particles with energy ~ω and angular momentum ~m. The equation
for a horizon radius outside a sphere enclosing the original black hole and the particles
is r2+2(M + δ(M))r+(a+ δ(a))2 = 0. The energy and angular momentum of the field
(particles) is proportional to ω and m and do not explicitly depend on r. The equation
for a horizon radius is still quadratic with constant coefficients and has no real roots
when (M + δ(M))2 < (a+ δ(a))2, that is ω < (am)/(2Mr+). The process leading to the
formation of a shielding horizon does not apply to the case of massless fields interacting
with Kerr black holes.
4. Conclusions
We showed that the classical interaction of an extremal Kerr black hole with a test
neutrino field can destroy the horizon of the black hole and convert it to a naked
singularity. We also briefly discussed the backreaction due to radiative and gravitational
self-force effects and argued that the destruction of black holes by neutrino fields cannot
be fixed by these effects. A hope to avoid the naked singularity lies in the quantum
treatment of the problem. Unruh studied the second quantization of neutrino fields
in Kerr background and found that black holes spontaneously emit neutrino fields
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in superradiant modes and spin themselves down [23]. This outward flux equals the
amount later calculated by Hawking in the limit that the temperature κ/2π (where κ
is the surface gravity) is low [24]. In that work Unruh refers to a possibility suggested
by Feynman: if we send in neutrino fields with frequency ω < am/(2Mr+) towards
the black hole, part of this flux may be suppressed because of exclusion principle.
This represents a quantum form of superradiance. To the extent that we accept
that quantum emission of radiation fills the phase space, one may at best be able to
suppress the constant spinning down of the black hole. In that case the modes with
0 < ω < am/(2Mr+) would be harmless because they are either not absorbed or a field
in the same mode has been emitted so they do not contribute to the flux at the horizon.
The region in which the expression (35) becomes negative is exactly the
superradiant region for bosonic fields [25, 26]. If the frequency of the incoming neutrino
field is in this region, the interaction of the field with the black hole leads to the
destruction of the horizon, exposing the singularity of the black hole to outside observers.
However in almost identical analysis involving bosonic fields and extremal black holes
(see [9] and [10] for scalar and electromagnetic cases), cosmic censorship conjecture has
been shown to remain valid (the horizons of extremal black holes can not be destroyed
using integer spin test fields). This is in accord with the fact fermionic fields do not
exhibit superradiant behaviour unlike bosonic fields [27]. With the possible proviso
about quantum effects discussed in the previous paragraph, there can be a net absorption
of the superradiant modes which carry more angular momentum than energy. The
destruction of black holes by neutrino fields cannot be fixed by self-force effects unlike
the cases involving test bodies and bosonic fields. Hence we conclude that the classical
interaction of an extremal Kerr black hole with a test neutrino field can lead to a generic
violation of the cosmic censorship conjecture.
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